Abstract. For a countable structure A, the (Turing) degree spectrum of A is the set of all Turing degrees of its isomorphic copies. If the degree spectrum of A has the least degree d, then we say that d is the (Turing) degree of the isomorphism type of A. So far, degrees of the isomorphism types have been studied for abelian and metabelian groups. Here, we focus on highly nonabelian groups. We show that there are various centerless groups whose isomorphism types have arbitrary Turing degrees. We also show that there are various centerless groups whose isomorphism types do not have Turing degrees.
Introduction, preliminaries, and notation
One of the goals of computable algebra is to use the tools and methods of computability theory to measure the complexity of algebraic notions and constructions. While in algebra we identify two isomorphic structures, from the point of view of computable algebra, they can have very different computability theoretic properties. In particular, two countable isomorphic structures can have distinct Turing degrees. Since the Turing degree of a structure is not invariant under isomorphism, Jockusch and Richter (see [27] ) introduced the following complexity measure of the isomorphism type of a structure. To a countable structure A, they assigned the least Turing degree among all Turing degrees of the isomorphic copies of A, and called it the degree of the isomorphism type of A.
We will now give exact definitions and specify notation. We consider only countable structures for computable (mainly finite) languages. The universe A of an infinite countable structure A can be identified with the set of natural numbers ω. If L is the language of A, then L A is the language L expanded by adding a constant symbol a for every a ∈ A, and A A = (A, a) a∈A is the corresponding expansion of A to L A . Hence A is computable iff deg(A) = 0. Clearly, every finite structure is computable. A structure for a finite language is computable if its domain is a computable set and its operations and relations are computable. (For more on computable structures, see [2] and [10] .)
Obviously, if there is a computable structure in the isomorphism class of a structure, then the Turing degree of the isomorphism type of the structure is 0. However, the degree of the isomorphism type of a structure does not always exist (see Richter [27] ). Indeed, Slaman [30] and Wehner [32] independently showed that there is a structure with isomorphic copies in every nonzero Turing degree, but without a computable isomorphic copy. While Wehner's structure is elementarily equivalent to a computable structure, Slaman's structure is not. Recently, Hirschfeldt [14] showed that such a structure can be a prime model of a complete decidable theory.
Here, we focus on the isomorphism types of countable groups. Khisamiev [17] showed that every abelian p-group (p is a prime number) without a computable isomorphic copy does not have a degree of its isomorphism type. On the other hand, Richter [27] showed that for every Turing degree d, there is a torsion (that is, with all elements of finite order) abelian group whose isomorphism type has degree d. However, she also established that there is a torsion abelian group whose isomorphism type does not have a degree. Downey and Knight (see [7] ) showed that for any Turing degree d, there is a torsion-free abelian group of rank 1 whose isomorphism type has degree d. Also, Downey and Jockusch (see [7] ) showed that some abelian torsion-free rank 1 groups do not have a degree of the isomorphism type. Calvert, Harizanov and Shlapentokh [4] recently proved that there are torsion-free abelian groups of any finite rank whose isomorphism types have arbitrary Turing degrees, as well as torsion-free abelian groups of any finite rank whose isomorphism types fail to have a Turing degree. Calvert, Harizanov and Shlapentokh [4] also obtained similar results for (countable) fields and rings of algebraic numbers and functions. Hirschfeldt, Khoussainov, Shore and Slinko [15] established a general result from which it follows that there is a 2-step nilpotent group, also called metabelian (see [28] ), with an arbitrary Turing degree of its isomorphism type, as well as a metabelian group without a degree of its isomorphism type.
For those countable structures that fail to have a degree of the isomorphism type, Jockusch introduced Turing jump degrees. For a (countable) structure A and a computable ordinal α, the αth jump degree of A, if it exists, is the least Turing degree in the set of the Turing degrees of the αth Turing jumps of the atomic diagrams of all isomorphic copies of A. Thus, the 0th jump degree of A is the degree of the isomorphism type of A. By considering jump degrees, we can assign Turing degrees to some isomorphism types that do not have degrees. For example, Richter [27] showed that a linear ordering, which is not isomorphic to a computable one, does not have a degree of its isomorphism type. Downey and Knight [8] , building on the previous work of Knight [18] and Ash, Jockusch and Knight [6] , established that for a Turing degree d with d ≥ 0 (α) , where α ≥ 1 is a computable ordinal, there is a linear ordering A whose αth jump degree is d, and such that A does not have βth jump degree for any β < α. The jump degrees have also been studied for torsion abelian groups by Oates [24] , and for rank 1 torsion-free abelian groups by Coles, Downey and Slaman [5] . In addition, Turing degrees and jump degrees of the isomorphism types have been studied for partial orderings, trees, Boolean algebras, models of Peano Arithmetic, and prime models (for a survey of these results, see [11] ).
So far, all groups whose isomorphism type degrees have been studied are abelian or metabelian. Here, we investigate Turing degrees of the isomorphism types for various 'highly nonabelian' groups. In particular, since our groups are obtained using nontrivial free products, they are centerless, hence non-nilpotent.
For a group G, we call a pair hU | Ri a presentation of G and write G = hU | Ri, if G is the quotient group of a free group F with the basis U by the normal closure in F of the set R. The elements of U are called the generators of G, and the elements of R the relators of G. The equations r = e for r ∈ R, where e is the identity element, are the relations of G. We say that G is finitely generated if U is finite, and that G is finitely presented if both U and R are finite. A finitely generated group G has a decidable word problem with respect to its generators g 1 , . . . , g n if the set of words w(x 1 , . . . , x n ) on the symbols x 1 , . . . , x n for which the equation
is satisfied in G upon substituting g i for x i , i ∈ {1, . . . , n}, is a computable subset of all words on x 1 , . . . , x n . Rabin [26] showed that the decidability of the word problem of G does not depend on the system of generators. Rabin also showed that a finitely generated group G has a decidable word problem if and only if G has a computable isomorphic copy.
Let {G i : i ∈ I} be a family of groups. A free product of these groups is a group G, in symbols G= i∈I G i , which has the following properties:
(i) G contains an isomorphic copy of each G i , (ii) for every group B and every family of homomorphisms f i : G i → B, i ∈ I, there is a unique homomorphism h : G → B extending each f i .
The next fundamental result about free products is known as the Kurosh Subgroup Theorem (see [20] ).
Then H is the free product of a free group together with groups that are conjugates of subgroups of the free factors G i of G.
It follows that H is isomorphic to the free product of a free group together with groups isomorphic to subgroups of G i s.
For a function f , by ran(f ) we denote its range. We use ≤ T for Turing reducibility and ≡ T for Turing equivalence of sets. By deg(X) we denote the Turing degree of X. For a structure A, we often abbreviate
We denote the set of all Turing degrees by D. It has cardinality 2 ℵ 0 . The partially ordered set (D, ≤) forms an upper semilattice in which the supremum of deg(X) and deg(Y ) is deg(X ⊕ Y ). This semilattice is not a lattice.
For X, Y ⊆ ω, we say that X is enumeration reducible to Y , in symbols X ≤ e Y , if there is a computably enumerable (abbreviated by c.e.) binary relation E such that
where D u is the finite set with canonical index u. Intuitively, X ≤ e Y iff for every set S, if Y is c.e. relative to S, then X is c.e. relative to S. For additional information on Turing and enumerations degrees, see Soare [31] and Odifreddi [25] .
Turing degrees of isomorphism types of structures
The Turing degree spectrum of a (countable) structure A is
A structure M is automorphically trivial if there is a finite subset P of the domain M such that every permutation of M, whose restriction to P is the identity, is an automorphism of M. Knight [18] proved that for an automorphically nontrivial structure A, and a Turing degree x with x ≥ deg(A), there is a structure B ∼ = A such that deg(B) = x. That is, DgSp(A) is closed upwards. On the other hand, for an automorphically trivial structure, all isomorphic copies have the same Turing degree, and in the case of a finite language that degree must be 0 (see [13] ). Harizanov, Knight and Morozov [12] showed that, while for every automorphically trivial structure M we have Richter [27] established the following general criterion for the existence of a structure whose isomorphism type has an arbitrary Turing degree. We will write A → B if A is embeddable in B.
Theorem 2.1. Let T be a theory in a finite language L such that there is a computable sequence
of finite structures for L, which are pairwise nonembeddable. Assume that for every set X ⊆ ω, there is a (countable) model A X of T such that A X ≤ T X, and for every i ∈ ω,
Then for every Turing degree d, there is a model of T whose isomorphism type has degree d.
For example, Richter used Theorem 2.1 to prove that for every Turing degree d, there is a torsion abelian group whose isomorphism type has degree d.
On the other hand, Richter [27] showed that a modification of Theorem 2.1, obtained by replacing Turing reducibility in A X ≤ T X by the enumeration reducibility A X ≤ e X, yields a very different conclusionthat there is a set Y such that the isomorphism type of A Y does not have a degree. As a corollary, Richter proved that there is a (countable) torsion abelian group whose isomorphism type does not have a degree.
Turing degrees of isomorphism types of centerless groups
We will now apply Richter's theorems to study the Turing degrees of the isomorphism types of various nonabelian groups.
For a group G, its center Z(G) is defined by:
A group G is centerless if Z(G) = {e}. Clearly, nontrivial centerless groups are non-nilpotent. Free product of nontrivial groups produces infinite centerless groups. We will now state the following well-known group theoretic lemma. For completeness we will also sketch its proof.
Lemma 3.1. Let p and q be primes such that q | (p − 1). Then there is a nonabelian group of order pq.
Proof. Let (Z q , +) be the additive cyclic group with q elements, where, as usual, Z q = {0, 1, . . . , q − 1}. Let (Z * p , ·) be the multiplicative group of the field (Z p , +, ·). Consider an embedding
Such an embedding τ exists since (Z * p , ·) is cyclic. Let G(q, p) be the semidirect product of (Z q , +) and (Z p , +). That is, for (a, b), (c, d) ∈ Z q × Z p , we have in G(q, p):
The group G(q, p) is nonabelian and of order pq. ¤ Theorem 3.2. For every Turing degree d, there is a centerless group A whose isomorphism type has degree d and
Furthermore, A has infinitely many nonabelian finite subgroups.
Proof. Let p 0 = 3, p 1 = 5, p 2 = 7, . . . be the increasing sequence of all primes > 2. For every i ∈ ω, let q i be the greatest prime divisor of p i − 1, and let A i = G(q i , p i ). The sequence (A i ) i∈ω consists of pairwise nonembeddable groups, since for primes p i , q i , p j , q j with q i < p i and q j < p j , we have
Let X ⊆ ω. Let A X be the free product of the groups A i for i ∈ X:
We can arrange that A X is a group with domain ω such that A X ≤ T X. Clearly, if i ∈ X, then A i → A X . Conversely, for some k ∈ ω, let f be an embedding from A k into A X . Consider f (A k ). Since f (A k ) is a subgroup of A X consisting of the elements of finite order, by the Kurosh Subgroup Theorem, it is a conjugate of some subgroup of A i for i ∈ X. Hence k = i, so k ∈ X.
Let A = A X , where X = D ⊕ D and D ⊆ ω is an infinite set of Turing degree d. Since A is automorphically nontrivial, we have that
We can further obtain the following result by using a proof similar to the one of the previous theorem, and by choosing X ⊆ ω so that the set of functions {f : ran(f ) = X} has no Turing least element. (See Theorem 2.3 in Richter [27] .) Theorem 3.3. There is a centerless group with infinitely many finite nonabelian subgroups such that its isomorphism type does not have a Turing degree.
We can also apply a free product construction, similar to the one in the proof of Theorem 3.2, to the sequence of all finite cyclic groups of prime order Z 2 , Z 3 , Z 5 , Z 7 , . . . We then get the following result. (ii) There is a centerless group B without infinite noncyclic abelian subgroups, whose all finite subgroups are cyclic, such that the isomorphism type of B has no degree.
Next, we will prove a general result, which is a modification of Theorem 2.1, but allows infinite structures in the antichain of structures.
Theorem 3.5. Let C be a class of countable structures for a finite language L, closed under isomorphisms. Assume that there is a computable sequence A 0 , A 1 , A 2 , . . . of (possibly infinite) pairwise nonembeddable structures for L such that for every set X ⊆ ω, there is a structure A X in C satisfying the following conditions.
(
(iii) Suppose that A X is isomorphic to a structure B. Then there is a uniformly effective procedure with oracle B, which for a pair of structures A i , A j such that exactly one of them embeds in B, decides which of the two structures embeds in B.
Then for every Turing degree d, there is a structure in C whose isomorphism type has degree d.
Proof. Let D ⊆ ω be such that deg(D) = d. We will show that A D⊕D is a structure in C, whose isomorphism type has Turing degree d. Clearly, We can also establish the following result 'dual' to Theorem 3.5, which we state without proof. Theorem 3.6. Let C be a class of countable structures for a finite language L, closed under isomorphisms. Assume that there is a computable sequence A 0 , A 1 , A 2 , . . . of (possibly infinite) pairwise nonembeddable structures for L such that for every set X ⊆ ω, there is a structure A X in C satisfying the following conditions.
(i) A X ≤ e X (ii) For every i ∈ ω,
(iii) Suppose that A X is isomorphic to a structure B. Then from any enumeration of B, we can effectively enumerate those i for which
Then there is a set Y ⊆ ω such that the isomorphism type of A Y has no Turing degree.
Next, we will apply the previous two theorems to a very interesting class of nonabelian groups. We first introduce the following definition. Definition 3.1. A group G is of a finite exponent if there is a finite positive integer n such that g n = e for all g ∈ G. If, in addition, there is no positive integer m < n such that g m = e for all g ∈ G, then we say that G has an exponent n.
Burnside [3] was first to consider groups G of finite exponents. In particular, he asked whether there exists an infinite and finitely generated group G of finite exponent. This question became known as the Burnside Problem.
Let F r = hx 1 , x 2 , . . . , x r | −i be a free group of rank r and let B(r, n) = F r /N , where N is the normal subgroup of F r generated by {g n : g ∈ F r }. We call B(r, n) the rank r Burnside group of exponent n. Thus, Burnside's question can be formulated as: For what values of r and n is B(r, n) infinite?
The group B(r, n) is finite when r = 1, or r is an arbitrary positive integer and n = 2, 3, 4, 6 (see [3, 19, 29, 9] ). It was proved by Novikov and Adjan ([21, 22, 23] ) that B(r, n) is infinite when r > 1, n is odd, and n ≥ 4381. This result was later improved by Adjan [1] , who showed that B(r, n) is infinite if r > 1, n is odd, and n ≥ 665. For these r and n, Novikov's and Adjan's proof implies that any finite or abelian subgroup of B(r, n) is cyclic, as well as that the word problem for B(r, n) is decidable (see [16] ). Hence every such group has a computable copy. (It is still open, for example, whether B(2, 5), or B(2, 7), is infinite.) Let the sequence (p i ) i∈ω be the increasing sequence of all prime numbers ≥ 665. Let G i , i ∈ ω, be a computable group such that
where r ≥ 2 is fixed, and i ∈ ω. The following lemma establishes an important property for the sequence (G i ) i∈ω .
Lemma 3.7. Let i, j ∈ ω. Then G i → G j iff i = j.
Proof. First observe that every element of G i ' B(r,p i ) has a fixed prime order. Hence G i → G j if and only if G j has an element of order p i . Sincep i is prime, we have thatp i =p j , and thus i = j. ¤ It follows from the Torsion Theorem for Free Products (see [20] ) that an element of a finite order in the free product of groups is a conjugate of an element of a finite order in one of the factors. i ∈ X. Moreover, there is a uniformly effective procedure with oracle B, which for a pair of groups G i , G j such that exactly one of them embeds in B, decides which of the two groups embeds in B. Also, from any enumeration of B, we can effectively enumerate those i for which G i → B.
We are now ready to apply Theorems 3.5 and 3.6 to the sequence (G i ) i∈ω to obtain the following result. Theorem 3.9. For every Turing degree d, there is a centerless group A whose isomorphism type has degree d, such that A has infinitely many infinite nonabelian subgroups, which are generated by a fixed finite number of generators, and are of finite exponents. In addition, every finite or abelian subgroup of A is cyclic. Furthermore, there is also such a centerless group C whose isomorphism type has no degree.
